A simplified mathematical model is described for the measurement of regional cerebral blood flow by positron emission tomography in man, based on a modification of the autoradiographic strategy originally developed for ex perimental animal studies. A modified ramp intravenous infusion of radio labeled tracer is used; this results in a monotonically increasing curvilinear arterial activity curve that may be accurately described by a polynomial of low degree ( = z). Integrated cranial activity en is measured in regions of interest during the latter portion of the tracer infusion period (times TI to T2). It is shown that
for example, Ingvar and Lassen, 1962; Hfi}edt-Ras mussen et aI. , 1966; Obrist et aI. , 1975) . With cur rently available PET tomographs, however, rapid sequential measurements of cranial radioisotopic clearance may necessitate an unacceptable sacrifice of spatial resolution (Budinger et aI. , 1978) . A sec ond rCBF strategy makes use of equilibrium imag ing of the distribution of a short-lived radio nuclide during its continuous administration (Jones et aI. , 1976; Lenzi et aI. , 1978; Subramanyam et aI. , 1978) . Although employed extensively in PET studies to measure rCBF during inhalation of CI50Z (which is converted in the lungs to HZI50), a disadvantage of the method is that unless radio nuclides of consider ably shorter half-life than 150 are used, the relation ship between rCBF and cerebral activity becomes nonlinear at flow rates within and above the physio logical range of gray-matter flow. Thus, small rCBF alterations may not be detected reliably.
A promising alternative strategy for measuring rCBF with PET is an in vivo modification of the autoradiographic method pioneered by Kety and as sociates (see Kety, 195 1) and successfully applied in experimental animal studies (Freygang and Soko loff, 1959; Reivich et aI., 1969; Sakurada et aI. , 1978;  see Ginsberg, 1980, for review) . The present report describes in detail a convenient mathematical model for determining rCBF by in vivo autoradiog raphy. In this method, the PET tomograph accumu lates cerebral activity continuously during a portion of the study. Since repeated discrete measurements of cranial clearance are not required, image resolu tion may be optimized. A further advantage is free dom from extreme nonlinearity at higher flow rates. We have validated this model successfully in posi tron-emission studies in the rat using 150-water. The results of these studies suggest that the in vivo autoradiographic strategy is suitable for extension to emission tomographic studies in man. THEORY We make use of the following symbols: According to the Fick principle (Kety, 195 1) , modified for a radioactive blood flow tracer that undergoes significant physical decay during the pe riod of blood flow measurement, It is assumed that the equilibration of the tracer be tween any brain tissue element and its venous ef fluent is instantaneous. Hence,
Furthermore, as implied in the definitions above,
In the steady state, F is constant with time. Sub stitution of Eqs. 2 and 3 into Eq. 1 yields dCB dt = f(CA -CBIA) -aCB'
With correction for radioactive decay to time 0 (a = 0), integration of Eq. 4 between time 0 and end-of study time T produces CB(T) = Ak e -k T i T CA( t ) e kt dt.
(5) Equation 5, analogous to that developed for the classical autoradiographic technique for measuring rCBF in experimental animals (Freygang and Soko loff, 1959; Reivich et aI. , 1969) , states that the blood flow, f (per unit tissue weight), of a homogeneous brain region may be determined from a knowledge of the final concentration of the tracer within that brain region at the end-of-study time T [i. e., CB(T)]
and the values of the arterial concentration of tracer from times 0 to T. The latter are obtained in practice by sequential arterial blood sampling during an in travenous infusion of the tracer. Assumed in this derivation are that the tracer is freely diffusible and unmetabolized, that the values of A and a are known, and that brain blood flow is constant. Whereas the tracer in the venous effluent from brain tissue is as-sumed to be in equilibrium with the tissue (Eq. 2), equilibrium is not assumed between the arterial blood and brain tissue. Equation 5 does not specify the form ofCA(t). However, unless CA(t) increases monotonically during the study period, Eq. 5 may yield multiple solutions for f. 1
In emission tomographic studies, it is not possible in practice to obtain a reliable instantaneous mea surement of brain tracer concentration CB(T) (Eq. 5) . Rather, the PET tomograph must accumulate a cerebral image over a time interval T1 to T2. Within any homogeneous brain region, therefore, the inte grated concentration of tracer, CB (units = concen tration
x time), accumulated between times T 1 and T2 is given by Equation 6 may be converted to a more readily manipulable, analytical form. As will be discussed below, if the proper intravenous tracer infusion schedule is chosen, CA (t) may be described accu rately by a polynomial of low degree having the gen eral form:
where z = 3 or 4, and the coefficients ao . • . az are evaluated from a least-squares fit to the experi mentally determined arterial tracer concentration data. Furthermore, the term ekt (Eqs. 5 and 6) may be precisely approximated by the series kt (ktF ( k t)3 (kt)n
where the value of the integer n is chosen so as to yield the desired precision.
'The necessity that the arterial tracer activity curve, CA(t), in crease monotonically during tracer infusion in order to avoid multiple solutions for flow U) in Eq. 5 may be understood by con sidering two brain regions, Bl and B2, having different flow val ues.!, andf2, respectively, wheref, > f2' During a monotonical ly rising arterial activity curve, it follows that CB1(t) > CB2(r). However, if e,(r) were to decline subsequently, such that at some later time, t*, CB,(t*) > CA(r*) > CB2(t*), a net tracer efflux would ensue from tissue region Bl, whereas a net influx would continue to occur into region B2. Thus, CB2(t) would continue to increase, whereas CB,(r) would decrease, so that at a still later time point, T, the condition CB1(T) = CB2(T) might ob tain for these two regions despite their different flow values, f, andj�. That is, Eq. 5 would yield two solutions for f, given a single value ofCB(T).
By substituting Eqs. 7 and 8 into Eq. 5, one obtains
can then be integrated between the lim its T 1 and T2 to obtain the operational equation of the in vivo autoradiographic method for measuring rCBF:
Synthesis of 15()
The positron-emitting radionuclide 150 (T l/2 = 123 s) was prepared in a CS-30 cyclotron (Cyclotron Corp.) by the (p,pn) nuclear reaction on a pure 1 6 02 . target. The 1502 product was mixed with N2 carner gas and was allowed to combine with a H2 -N2 mixture on a platinum catalyst at 100°C. The re sulting 150-water was permitted to mix with 160 _ water carrier in a collection vessel. The activity of the product was 25 -50 mCi in an initial volume of approximately 50 P,l.
Animal Preparation
Male Wistar rats weighing 300-400 g were anes thetized with diethyl ether, tracheostomized, immo bilized with d-tubocurarine, (1.8 mg, i.p.), and ven tilated mechanically on a mixture of 70% nitrous oxide and 30% oxygen. Polyethylene catheters were inserted into both femoral arteries and femoral veins for arterial sampling, blood pressure monitoring, and tracer administration. Mean arterial blood pres sure was monitored by a strain guage (Statham) connected to an analog meter (Stentor). Arterial blood gases were measured at regular intervals by means of a semiautomated multi electrode system (Corning 16512). Rectal temperature was main tained at 37°C by a thermostatically controlled heat ing lamp.
Animals were then placed in a stereotaxic head holder (David Kopf Co.). Cranial radioactivity re sulting from positron annihilation was monitored by a pair of bismuth germanate :;cintillation detectors collimated to the cerebrum tincluding the rostral one-half of the cerebellum) and arrayed in a coin-. cidence circuit. The technical specifications of this system have been described in a recent publication (Lockwood and Kenny, 1981) . The coincidence re solving time of the system was 40 ns. An on-line Perkin-Elmer 3220 computer recorded cranial radio activity and corrected for physical decay, random coincidences, and electronic dead-time. To reduce extracerebral contamination, the temporalis mus cles were partially removed prior to the CBF study.
Partition Coefficients for 15()-Water
Values of the brain:blood and muscle:blood parti tion coefficients for 150-water were determined for use in the studies described below. A bolus of 150_ 1982 water was administered intravenously to two nitrous oxide-anesthetized rats. Decay-corrected activity of the arterial blood was determined by repeated sampling until the activity curve became asymptotic (9-10 min). A final arterial sample was then drawn; the animal was quickly sacrificed; and the brain plus two or three samples of temporalis muscle were re moved and weighed. Activity of the brain, muscle samples, and final arterial blood sample was mea sured in a Nal (Tl) well counter. Care was taken to ensure constant geometrical relationships and count ing efficiencies. The mean value for the brain:blood partition coefficient was 0.956 ml g-1 (SD 0.013). The mean value for the muscle:blood partition coef ficient was 0.93 ml g-1 (SD 0.06).
Measurement of CBF
Two strategies were employed simultaneously to measure CBF, and their results were compared. For each CBF study, 10-30 mCi of 150-water, diluted in a total volume of 2.4 ml normal saline, was infused over a I-min period intravenously via a manually adjustable, continuously variable infusion pump (Harvard Apparatus Co.). An infusion schedule was employed that delivered (following correction for decay of 150) a linearly increasing (ramp) quantity of tracer during the first 0.5 min of the study period and a constant quantity of tracer per unit time during the final 0.5 min. The initial ramp achieved a three fold acceleration of tracer infusion rate in three ani mals and 2.3-to 2.7-fold acceleration in the remain ing three rats. During the period of tracer infusion 20-p,1 capillary tubes were used to collect samples of arterial blood at 2-to 3-s intervals from the tip of a short, freely flowing femoral artery catheter equipped with a solenoid-actuated occluder. The catheter was .opened briefly prior to each sample to clear its dead space. Cranial radioactivity was monitored via the external detection system described above. Fol lowing 1 min of tracer infusion, the circulation was rapidly arrested by the intravenous injection of 1-2 ml saturated KCl solution.
The brain was immediately removed, and the cerebral hemispheres and rostral half of the cere bellum (corresponding to the portions of brain lying within the field of collimation of the detector sys tem) were placed in a tube for counting. Radioactiv ity was assayed in the arterial blood samples and in the dissected brain by means of the NaI (Tl) well counter. All radioactivity measurements were cor-rected for background radiation and isotopic decay to the time of onset of intravenous tracer infusion. Normalization of activity as measured in the well counter to that measured by the cranial activity de tector system was achieved by multiplying well counter readings by a factor, F:v, defined as Final cranial activity as measured by external detector system F N = ---"---------�---Brain activity as measured in well counter
Calculation of CBF

Classical Autoradiographic Paradigm
In this strategy, CBF was calculated from a knowl edge of the arterial tracer activity curve, CA(t), and the final brain activity as measured in the well count er, CB(T), according to the operational equation of the conventional autoradiographic method (Eq. 5).
In vivo Autoradiographic Paradigm
In this method, CBF was calculated from a knowl edge of the arterial tracer activity curve, CA(t), and the externally monitored cranial activity curve, CB(t). The arterial curve was first fitted to a third degree polynomial, and the coefficients ao ... a3 were determined (see Eq. 7). The cranial activity curve, CB(t), was integrated over the latter portion �f the study to yield the activity x time integral, C B' Equations 10-14 were then used to compute CBF. A value of 15 was assigned to the termn (Eqs. 11-14), since larger values of n did not result in any significant increment in precision. All computations were performed on a Tektronix 4052 Graphics System.
Evaluation of Extracerebral Contamination
Although the temporalis muscles, which lay with in the field of collimation of the cranial detector system, had been partially removed prior to the CBF studies, we wished to estimate the degree to which extracerebral contamination, if still present, may have influenced the CBF values computed by the in vivo autoradiographic paradigm. This was assessed in the following manner. In three rats, the temporalis muscles were removed bilaterally and weighed: mean weight per animal was 1.277 ± 0. 150 g. In two other animals, blood flow was determined in the temporalis muscle by means of the classical autoradiographic strategy as described above, using a I-min ramp intravenous infusion of lSO-water and direct counting of muscle samples in the well counter. As calculated from Eq. 5 using the measured value for the muscle:blood partition coefficient of 0.93 ml g-l, mean muscle blood flow was found to be 0.088 ml g-l min-1• Next, the arterial tracer activity curve previously measured in each animal during its CBF study was used together with the values of temporal is muscle blood flow and weight determined above to compute, by means of Eq. 9, a series of values of C M ( T) [analogous to C B( T)], representing the pre dicted radioactivity within temporalis muscle con tributing to the total measured cranial activity at each point of the CBF study. A corrected cranial activity curve was then generated for each animal by subtracting CM(T) from the previously measured CB(T). This was used in turn to compute a CBF value from Eq. 10. The latter CBF values, which were maximally corrected for possible extracerebral contamination, were compared to the CBF values computed from the in vivo autoradiographic para digm without this correction.
RESULTS
Physiological Variables
These are presented in Table 1 . A broad range of arterial carbon dioxide tensions (from 32.9 to 58.3 mm Hg) was intentionally engendered in these ani mals in order to produce a spectrum of CBF values. Figure 1 depicts the decay-corrected intravenous infusion schedule of lSO-water, along with the re sulting decay-corrected activity curves for arterial blood and cranium in a typical experiment. In all studies, the modified ramp intravenous tracer in fusion schedule resulted in arterial tracer activity curves that (upon shifting the origin to compensate for the initial delay in appearance of arterial activ ity) could be readily fitted to third-or fourth-degree polynomials (z = 3 or 4, Eq. 7). Table 2 presents the root-mean-square error of the fit to third-and fourth-degree polynomials. For the actual computa tion of CBF, third-degree polynomial curve fits were employed. CBF data as calculated using the classical and the in vivo autoradiographic strategies are presented in Table 3 . The results of the in vivo paradigm were in excellent agreement with those calculated using the conventional strategy. The best results were ob- tained with the in vivo method when the final one half of the nonzero portion of the cranial radioactiv ity curve was used to compute CB (Eq. 10). These data are shown in Fig. 2 .
CBF Measurements
Evaluation of Extracerebral Contamination
For each animal studied for CBF, a corrected cranial activity curve was generated by subtracting from the measured cranial activity curve that por tion calculated to have resulted from the accumula tion of tracer in temporalis muscle, assuming that no muscle had been removed. CBF calculated by the in vivo autoradiographic paradigm (Eq. 10) using this corrected cranial activity curve was compared to the CBF value computed without this correction. In all cases, the corrected CBF values were 89-93% of those computed from the uncorrected curves. The calculated contribution of counts within the temporalis muscles to the total final measured cra nial activity was only 8.3 ± 1.0% (mean ± SEM). Thus, the assumption of maximal extracerebral con tamination resulted in a relatively small alteration of computed CBF. Since, in addition, we had par tially removed the temporalis muscles prior to study ing CBF, the degree of extracerebral contamination actually present was lower than the above computa tion would suggest.
Influence of Tissue Inhomogeneity on CBF
We assessed the effect of inhomogeneous cere bral perfusion on CBF determined from the in vivo auto radiographic paradigm by simulating a variety of multicompartmental tissue elements. We first simulated a five-compartmental element with com partmental weights and CBF values (relative to true mean CBF) chosen to resemble those used by Eklof et al. (1974) in their analysis of tissue inhomogeneity in the conventional autoradiographic method. In addition, we considered a two-compartmental ele ment having characteristics resembling the gray matter/white matter admixture likely to be en countered in human PET studies, i.e., fast-to slow compartmental CBF ratios of 3: 1 and 4: 1, and rela tive fast-compartmental weights varying from 0.5 to 0.9. These data are presented in Table 4 . Computa tions were based on the arterial activity curve and CBF value taken from a normocapnic animal of our CBF series; CBF computed in this animal by the in vivo autoradiographic paradigm was 1.70 ml g-l min-l. The compartmental weight and flow data a Flow expressed as ml g-l min-1 (n = 6 rats).
_ " Refers to the segment of the nonzero portion of the cranial activity curve CB( T) that was integrated in order to compute the term CH (Eq. 6).
shown in Table 4 were used in conjunction with the animal's arterial tracer activity curve, CA(t), to compute from Eq. 9 a brain activity curve for each compartment. These curves were then combined to generate a simulated total cranial activity curve re sulting from compartmental admixture. The latter curve was then used with Eq. 10 to compute an overall CBF value, which was compared with the true weighted mean CBF. Table 4 shows the results of these comparisons. In the five-compartment sim ulation, computed CBF was within 4-5% of true mean CBF. In the two-compartment simulations in which the relative weight of the slow component did not exceed 0.25, computed CBF agreed with true mean CBF to within 6% when the final one-half or one-fourth of the cranial activi!.y curve was used for the calculation of the integral C B (Eq. 10). Inclusion of earlier portions of the cranial activity curve did not significantly alter the result.
l.>ISCUSSION
We have presented a simplified mathematical model that enables rCBF to be determined with PET by the strategy of in vivo autoradiography. Our vali dation studies performed in the rat with a simple two-crystal positron-detection system confirm that CBF values computed by the in vivo paradigm agree well with values calculated using the conventional autoradiographic method. Extracerebral contam ination proved to be a minor problem in our simple nontomographic system.
In its general outline the present method resem bles the "early picture method" of Kanno and Las sen (1979) and may be regarded as a special case of their more general equation 6. In its specific details, however, our technique appears to offer a proce dural and computational simplicity not found in their method. First, our strategy of intravenous in fusion of tracer is preferable, for obvious clinical reasons, to the method of intracarotid injection. Second, by converting the arterial input function to the form of a low-degree polynomial (Eq. 7), we obviate the need to employ convolution in solving the tissue concentration integral, as is required by Kanno and Lassen's method when an inhalation in put of tracer is employed (cf. equations 11-13 in Kanno and Lassen, 1979) . By eliminating convolu tion, rapid on-line computer solution for flow may be facilitated. An additional difficulty with the tracer inhalation method is uncertainty in the definition of CA (t) (as estimated from the end-tidal air curve) and, in particular, the problem of determining the time-delay between the air curve and arterial curve. Eklof et al. (1974) , was shown to yield a CBF value within 4-5% of the true weighted mean CBF of the element (Table 4 ). Furthermore, when we simulated tissue elements containing gray mat ter/white matter admixtures similar to those ex pected to occur in human PET studies, we likewise obtained reliable estimates of true mean CBF; these values tended to be independent of the portion of the cranial activity curve integrated (Table 4) . When the conventional auto radiographic method is applied to an inhomogeneous tissue element, '. shorter tracer infusion periods are associated with increasingly reliable estimates of true mean flow (Fieschi et aI., 1968; EklOf et aI. , 1974) . In our pro posed strategy, the intravenous ramp infusion of tracer facilitates the prompt accumulation of cere bral activity and permits short study periods to be employed. Thus, in practice, inhomogeneity within resolution cells of the image may not prove to be a serious impediment to the estimation of flow.
ISO-water was employed in our validation studies with due recognition that it is not an ideal blood flow tracer. In studies of the extraction of 150-water by the brain during a single capillary transit follow ing intracarotid injection in the rhesus monkey, it was shown that only 90-93% of the injected bolus freely exchanged with the brain at normal rates of CBF and that the extracted fraction decreased at higher flow rates (Eichling et aI. , 1974; Raichle et al. , 1976) . llC-labeled short-chain alcohols were somewhat less diffusion-limited and hence more ac curate blood flow tracers than water (Raichle et aI. , 1976) . Nonetheless, 150-water may prove in clinical practice to be a highly serviceable tracer inasmuch as it can be synthesized easily and in high yield and high activity, is nonmetabolized, and is associated with low radiation exposure because of the short half-life of the 150 nuclide (Ginsberg et aI., 1981) . In studies comparing CBF values obtained by the in tracarotid administration of ISO-water and 133Xe, Eichling et ai. (1974) demonstrated agreement be tween the two tracers to within 3% in the CBF range of 0. 2-1.6 ml g-1 min-I. Ginsberg et ai. (198 1) showed that CBF values obtained with 150-water and [14C]iodoantipyrine by the indicator fractiona tion method in the rat agreed with each other to within 4% at blood flows as high as 2.3 ml g-1 min-to
The in vivo autoradiographic strategy presented in this report should be readily applicable to the study of rCBF in man by emission tomography. Variants of the auto radiographic method have been used to measure rCBF with stable xenon inhalation and conventional computerized tomographic imag ing (CT scanning); however, the precise analytical strategies employed were not reported in detail (Drayer et aI. , 1980; Meyer et aI. , 1980) . Since the arterial activity curve of the tracer in our method does not rise abruptly (Fig. 1) , it may be possible to approximate C A (t) with "arterialized" venous samples drawn from a hand heated to 44°C, so as to dispense with the need for arterial puncture. This technique has been employed successfully in PET studies of regional glucose utilization using l8fluoro-2-deoxyglucose (Phelps et aI. , 1979) but would re quire additional validation before being applied to autoradiographic measurements Qf regional blood flow in man.
